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Lecture: 8
Robot Inverse Kinematics (cont.)

@ Geometric Approach

o Algebraic Approach
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Robot Inverse Kinematics
Algebraic Solution

Algebraic Solution

Find the values of joint parameters that will put the tool frame at a desired position and orientation
(within the workspace)

o Given the transformation matrix: H = [

Find all solutions to: T2%(qy, -+ ,q,) = H

NOting that: Tr?(qla I qn) = Al(Ql) e An(Qn)
This gives 12 (nontrivial) equations with n unknowns
with end effector position at T3x1

and its orientation is obtained as:
Rx ) ( Rs; Si”(d’)) < Raz)
=atan2 | — |, f=atan2|( ———"=), =atan2 [ — | .
d) (Rll R21 ¢ R33
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Robot Inverse Kinematics

Example: the Stanford manipulator

DH Parameters:
’|InkH3,‘ a,-\d,-\é),-\

1 0|9 1| 0 |6y
2 0|9 | dr | 6
3 0| 0 |d| O
4 0 |-90| 0 | 64
5 0|9 | 0|65
6 0| O | ds| 6

From which we get the transformation matrix (in general form):

ni ha ns dy

0_ | 1 r2 Rz ody | 4 =14
fo = o or ry o dp | lril j=i e
0 0 01 d = 0.154, ds = 0.263
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Robot Inverse Kinematics

@ We have 12 non-trivial equations:

c1 [e2 (cacscs — sas5) — sps5C6) — o (Sac5C6 + cas6) = 0

s1[c2 (cacscs — saS5) — S255C6] + 1 (Sac5Cs + casg) = 0

e For a given: —sp (cacsce — 5456) — Cas56 = 1
c1[—c2 (cacsse + sace) + sps556] — 51 (—sacss6 + cace) =1

0 1 0 -0.154 —s1 [—co (cacsss — sace) — s25556] + ¢1 (—sac586 + casg) =0

Hg — 0 0 1 0763 52 (Cacs86 + 54C6) + 25556 = 0
100 0 ci (c2cass + spc5) — sisas5 =0
0 0 O 1

s1(ccass + spcs) + crsass =1
i _ T —spcyss + o5 =0
o Find q—= [917 627 d37 047 05’ 06] ' c150d3 — s1da + dp (C1C264S5 + cio552 — sisas5) = —0.154
s1spdsz + cidy + ds (c15455 + c2¢as185 + G55152) = 0.763

crd3 + dp (62C5 — C45255) =0

® One solution: q = [7/2, 7/2,0.5, 7/2,0, 7/2] .
@ next, we will see how to systematically find such solutions.
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Robot Inverse Kinematics

@ previous examples show how difficult it would be to obtain a closed-form solution to the 12
equations, instead,

we develop systematic methods based upon the manipulator configuration J

@ For the forward kinematics there is always a unique solution

> Potentially complex nonlinear functions

. . . . /
@ The inverse kinematics may or may not have a solution [

> Solutions may or may not be unique \
» Solutions may violate joint limits ‘

@ Closed-form solutions are ideal ! \ ] \ ‘P
\HeSER)/
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Robot Inverse Kinematics

Kinematic Decoupling

@ Appropriate for systems that have an arm with a wrist
> Such that the wrist joint axes are aligned at a point (the last 3 joint axes intersecting at a point)
o For such systems, we can decouple (split) the inverse kinematics problem into two parts:

@ Inverse position kinematics: position of the wrist center
@ Inverse orientation kinematics: orientation of the wrist

o First, assume 6DOF, the last three intersecting at O.. For given R and O solve 9 rotational and 3
positional equations:

Rg(q07 aqn):R
Og(q()v aqn): O

@ Use the position of the wrist center to determine the first three joint angles.
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Kinematic Decoupling

Spherical wrist as paradigm

Face plate l
(to attach
end effector) ~

v

Y.

. [} ) >
R Gl (e g B
~
5 %]
\Y

Wrist pitch o
(bend)

Wrist roll CL " 8.

(swivel) Wrist yaw
o O is the intersection of the last 3 joint axes (z3, z4, and zs); | link H a | o | d; | 0; |
e origins O4 and Os will always be at O; 4 0[-90] 0|60,
@ motion of joints 4, 5 and 6 will not change the position of O; 5 09 | 0|05
@ only motions of joints 1, 2 and 3 can influence position of O.. 6 0] 0 |ds|0bs
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Kinematic Decoupling
o Now, origin of tool frame, Os, is a distance ds translated along zs (since zs and zg are collinear)

> Thus, the third column of R is the direction of zs (w.r.t base frame) and we can write:
0=00=02+dR[0 0 1]

o Rearranging: 02=0—-dsR[ 0 0 1 ]T

@ Recalling:
o=[o. o o0.], ds
T
Oe(:) = [ Xe Yo Zc ]
o Then: 04
Xe Ox - d6 rs
Ye | = | Oy —dsrz | = 01,0,,03
Z O, — do 133

N
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Kinematic Decoupling

: T : ' .
@ Since [ Xe Ye Zc ] are determined from the first three joint angles,

» our forward kinematics expression now allows to solve for the first 3 joint angles decoupled from the
final 3.
> Thus we now have R}

o Note that: R = RIR?

@ To solve for the final three joint angles:

R = (RY) 'R =(RY)"R= 04,05, 06

@ Since the last three joints for a spherical wrist, we can use a set of Euler angles to solve for them
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Inverse Position

Now that we have [ Xe Ye Ze ]T we need to find 64, 6,, 03
@ Solve for 6; by projecting onto the {x;_1, y;—1} plane, solve trig problem

@ Two examples:

> elbow (RRR) and
> spherical (RRP) manipulators
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Inverse Position
Example: RRR Manipulator

@ to solve for 6y, project the arm onto the {xo, yo} plane: 6; = atan2(y., x)
@ We can also have: 6; = 7 + atan2(yc, xc)
@ This will of course change the solutions for 65 and 63

Y
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Inverse Position

Singular Configurations, Offsets

o If there is an offset, then we will have two solutions for

If xc = y. =0, 61 is undefined
@ e = Ye = A1 IS undetine 61: left arm and right arm

@ i.e. any value of 6; will work . .
@ However, wrist centers can not intersect z

A0

AR
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Inverse Position
Left and Right Arm Solutions

o Left Arm o Right Arm
91 = ¢ -« 01 =a+ ,3
¢ = atan2(y,, x.) a = atan2(ye, xc)

o = atan2 (d’ \/W) B =7+ atan2 (d, x§+yc2—d2)

= atan2 (—d, —/x2+y2 - d2)
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Inverse Position
Left and Right Arm Solutions

@ Therefore there are in general two solutions for 6;

e Finding 0, and 03 is identical to the planar two-link manipulator we have seen previously:

r2—5-52—L§—L‘§>

cosfs =
’ 2505
P =x2+y2 - d?
s=z.—d;
At (e—d) - 13- 13
cos 3 =
20,13
=D
@ Therefore we can find two solutions for 63 700000

I
1222227777

93 = atan2 (D’ im) ,,,,,,,,,,
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Inverse Position
Left and Right Arm Solutions

@ The two solutions for 63 correspond to the elbow-down and elbow-up positions respectively
@ Now solve for 6,:

0, = atan2(r,s) — atan2 (L, + Lzcs, L3s3)
= atan?2 (\/xg +y2—d? z. — dl) —atan2 (L + Lscs, L3s3)

@ Thus there are two solutions for the pair (6, 63)
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Robot Inverse Kinematics

Inverse position: Example: RRR manipulator

RRR: Four total solutions

@ In general, there will be a maximum of four solutions to
the inverse position kinematics of an elbow manipulator Left Arm Elbow Up Right Arm Elbow Up

@ The 6R PUMA arm (as an example of the articulated
geometry):

Left Arm Elbow Down Right Arm Elbow Down
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Inverse Orientation Problem

|Iink||a,-|a,-|d,-|0,-|

1 0 ]9 | & |6
2 Ly 0 0| 6
3 L3 0 0 | 63
4 0 [-90| 0 | 6,
5 0 0 0 | 65
6 0 0 ds | Oe
[ CiC3 —CS3 51
R)=| sics —si53 —a
| s €23 0
i (C4C5C6 - 5456) (—646556 - S4C6)
Rg = (S4C5C6 + C4$5) (—S4C555 + C4C6)
—55C6 S5C6

e Equation to solve: R = (R9)TR

Ca S5
5455
Cs
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Inverse Orientation Problem

o Euler angle solutions can be applied. Taking the third column of (R{)"R

C4S5 = C1C313 + S1C23/23 + S$23133

5455

—C1523113 — S1523123 + 23133

Cs = 5113 — C1n3

@ Again, if 65 # 0, we can solve for 0:

2
fs = atan?2 (51r13 — C1h3, :i:\/]. - (51r13 - C1I‘23) )
@ Finally, we can solve for the two remaining angles as follows:

04 = atan2 (crco3ni3 + S1Co3123 + So3r33, —C1523113 — S1523123 + Co3133)

06 = atan2 (—51r11 + Cih1,5112 — C1f22)

@ For the singular configuration (5 = 0), we can only find 6, + 0 thus it is common to arbitrarily set
04 and solve for 64
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Thanks for your attention.

Questions?

Assoc. Prof. Dr.Ing.
Mohammed Nour E—
mnahmed@eng.zu.edu.eg @

https://mnourgwad.github.io/CSE4316 Robotics Research Interest Group (zuR2IG)
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